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We completely characterize the condition when a tile structure provides an unextendible product
basis (UPB), and construct UPBs of different large sizes in Cm⊗Cn for any n ≥ m ≥ 3. This solves
an open problem in [S. Halder et al., Phys. Rev. A 99, 062329 (2019)]. As an application, we show
that our UPBs of size (mn−4⌊m−1
2
⌋) in Cm⊗Cn can be perfectly distinguished by local operations
and classical communications assisted with a ⌈m
2
⌉ ⊗ ⌈m
2
⌉ maximally entangled state.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Unextendible product basis (UPB) is a set of orthonor-
mal product states whose complementary space has no
product states. They give a systematic construction of
positive-partial-transpose (PPT) entangled states as fol-
lows [1]. Given a UPB {|ψi〉}
t
i=1 in C
m ⊗ Cn, then the
state ρ = 1
mn−t
(I −
∑t
i=1 |ψi〉〈ψi|) is a PPT entangled
state. UPBs are also connected to the quantum non-
locality without entanglement, Bell inequalities without
quantum violation and fermionic system [1–6]. In spite
of much efforts devoted to the construction of UPBs of
small size [7–9], there has been little progress on the con-
struction of UPBs of large size. We shall address this
problem, and it is the first motivation of this work.
Although UPBs cannot be distinguished perfectly by
local operations and classical communications (LOCC)
[10], Ref. [11] has shown the local distinguishability of
UPBs using LOCC protocols assisted by entanglement as
a nonlocal resource. Further the UPB called GenTiles2
in Cm⊗Cn (m ≤ n) can be distinguished by LOCC with
a ⌈m2 ⌉ ⊗ ⌈
m
2 ⌉ maximally entangled state [2, 11]. Then,
local distinguishability with entanglement as a resource
attracted more and more attention [12–16]. Recently, it
has been shown that some UPBs constructed from tile
structures in Cm ⊗ Cm can be distinguished by LOCC
with a ⌈m2 ⌉⊗⌈
m
2 ⌉maximally entangled state whenm ≥ 3
is odd [17, 18]. In particular, Ref. [18] wonders whether
the construction of UPBs can be generalized to even-
dimensional systems. Further, Ref. [11] asks whether
other types of UPBs can be locally distinguished by effi-
ciently using entanglement resource. We shall give posi-
tive answers to both problems above. This is the second
motivation of this work.
In this paper, we construct UPBs of large size, by con-
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structing tile structures illustrated in Figure 1. We begin
by reviewing the connection of UPBs and tile structures,
and introduce the U-tile structures in Definition 2. We
present the main result of this paper in Theorem 3, that
is, a tile structure with s-tiles corresponds to a UPB of
size (mn−s+1) in Cm⊗Cn if and only if this tile structure
is a U-tile structure. By applying Theorem 3, we gener-
alize the construction in [18] and show that there exists
a UPB of size (mn− 4⌊m−12 ⌋) in C
m⊗Cn for 3 ≤ m ≤ n
in Proposition 4. In Proposition 5, we show that there
is a UPB of size (mn − k) in Cm ⊗ Cn for 4 ≤ m ≤ n,
where 4 ≤ k ≤ 2m − 1, and the maximum size of UPBs
in Cm ⊗ Cn is mn − 4 for 3 ≤ m ≤ n. Finally, we show
the UPB constructed from Proposition 4 can be perfectly
distinguished by LOCC with a ⌈m2 ⌉⊗⌈
m
2 ⌉ maximally en-
tangled state in Theorem 7.
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FIG. 1: This is a tile structure of system A,B in C4⊗C4.
A tile structure is a rectangle paved by some disjoint tiles.
It gives a complete orthogonal product basis (COPB). We
can obtain a UPB by deleting some states and adding a
special state of COPB. We shall explain more details in
Example 1.
We briefly review the task of distinguishing bipartite
states by LOCC. Alice and Bob share a set of bipartite
2orthogonal states, and they don’t know which state their
system is in. Their aim is to determine the state by
LOCC. It is shown that any two orthogonal pure states
can be distinguished by LOCC [19]. There exists a prod-
uct bases in C3 ⊗ C3 that cannot be distinguished by
LOCC [20]. Any three of Bell states cannot be distin-
guished by LOCC [12]. Our results on the construction
of UPBs and their discrimination can be applied to these
topics and produce more efficient protocols.
The rest of this paper is organized as follows. In Sec.
II, we introduce the preliminary knowledge used in this
paper, such as UPBs and tile structures. In Sec. III
we connect U-tile structures and UPBs, and present the
main result of this paper. In Sec. IV we apply our results
to investigate local distinguishability of UPBs by using
entanglement resource. We conclude in Sec. V.
II. PRELIMINARY
In this section we introduce the preliminary knowledge
and facts. Throughout this paper, we do not normalize
states and operators for simplicity. Every bipartite pure
state can be written as |ψ〉 =
∑
i,j mi,j |i〉|j〉 ∈ C
m ⊗Cn,
where |i〉 and |j〉 are the computational bases of Cm
and Cn, respectively. There exists a one to one corre-
spondence between the state |ψ〉 and the m × n matrix
M = (mij). If rank(M) = 1, then |ψ〉 is a product state,
and if rank(M) > 1 then |ψ〉 is an entangled state. For
example, the state |00〉+ |11〉 in C2 ⊗C2 corresponds to
the matrix M =
(
1 0
0 1
)
. It is an entangled state since
rank(M) = 2. Assume |ψi〉 corresponds to a matrix Mi,
i = 1, 2, then 〈ψ1|ψ2〉 = Tr(M
†
1M2), where 〈ψ1|ψ2〉 is the
inner product of |ψ1〉 and |ψ2〉.
To present the definition of UPBs, we consider the
complete orthogonal product basis (COPB). This is a set
of orthogonal product states that spans H = Cm ⊗ Cn.
The incomplete orthogonal product basis (ICOPB) is a
set of pure orthogonal product states that spans a sub-
space HS of H. An unextendible product basis (UPB) is
an ICOPB such that there is no product state in H⊥S .
Now we define the tile structure in Cm⊗Cn. This is an
m×n rectangle T paved by disjoint tiles {ti}, denoted by
T = ∪iti. A tile ti must be a rectangle. In our notation,
a rectangle could be separated, that is, a set of cells that
can be changed to a rectangle through row and column
permutations. In Figure 1, it is a 4×4 rectangle T paved
by 6 disjoint tiles, where grids of the same index form a
tile. We have T = ∪6i=1ti. Denote wk = e
2pi
√−1
k . Next
we show how to construct a UPB of size 11 by Figure 1.
Example 1 In Figure 1, tile 1 gives two orthogonal
states in C4⊗C4, namely |0〉(|0〉+ |1〉) and |0〉(|0〉− |1〉).
Tile 2 gives two orthogonal states (|0〉 + |3〉)|2〉 and
(|0〉 − |3〉)|2〉. One can similarly derive the states for
other tiles. Since tiles i and j are disjoint, we know that
any state from tile i is orthogonal to any state from tile
j for 1 ≤ i 6= j ≤ 6. As a result, Figure 1 provides a
COPB as follows. Denote this basis by B.
|ψ
(1)
1 〉 = |0〉(|0〉+ |1〉), |ψ
(2)
1 〉 = |0〉(|0〉 − |1〉),
|ψ
(1)
2 〉 = (|0〉+ |3〉)|2〉, |ψ
(2)
2 〉 = (|0〉 − |3〉)|2〉,
|ψ
(1)
3 〉 = (|0〉+ |1〉+ |2〉)|3〉,
|ψ
(2)
3 〉 = (|0〉+ w3|1〉+ w
2
3 |2〉)|3〉,
|ψ
(3)
3 〉 = (|0〉+ w
2
3 |1〉+ w3|2〉)|3〉,
|ψ
(1)
4 〉 = (|1〉+ |2〉+ |3〉)|1〉,
|ψ
(2)
4 〉 = (|1〉+ w3|2〉+ w
2
3 |3〉)|1〉,
|ψ
(3)
4 〉 = (|1〉+ w
2
3 |2〉+ w3|3〉)|1〉,
|ψ
(1)
5 〉 = |3〉(|0〉+ |3〉), |ψ
(2)
5 〉 = |3〉(|0〉 − |3〉),
|ψ
(1)
6 〉 = (|1〉+ |2〉)(|0〉+ |2〉),
|ψ
(2)
6 〉 = (|1〉+ |2〉)(|0〉 − |2〉),
|ψ
(3)
6 〉 = (|1〉 − |2〉)(|0〉+ |2〉),
|ψ
(4)
6 〉 = (|1〉 − |2〉)(|0〉 − |2〉).
Let
|S〉 = (|0〉+ |1〉+ |2〉+ |3〉)(|0〉+ |1〉+ |2〉+ |3〉)
be a stopper state. We claim that the set
U = B ∪ {|S〉} \ {|ψ
(1)
i 〉}
6
i=1
is a UPB in C4 ⊗ C4. First one can verify that U is
an ICOPB. Next the missing states {|ψ
(1)
i 〉}
6
i=1 are not
orthogonal to |S〉 but are orthogonal to all states in U \
{|S〉}. Then any state in H⊥U is a linear combination of at
least two of the missing states, and is orthogonal to |S〉.
Assume |ψ〉 = a1|ψ
(1)
1 〉+ a2|ψ
(1)
2 〉+ a3|ψ
(1)
3 〉+ a4|ψ
(1)
4 〉+
a5|ψ
(1)
5 〉+a6|ψ
(1)
6 〉 ∈ H
⊥
U is a product state, where at least
two coefficients are nonzero. By the correspondence be-
tween pure states and matrices, |S〉 corresponds to the
all one matrix J =


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 . Suppose that |ψ〉
corresponds to a matrix M =


a1 a1 a2 a3
a6 a4 a6 a3
a6 a4 a6 a3
a5 a4 a2 a5

 . Since
rank(M) = 1, we have a1 = a2 = a3 = a4 = a5 = a6 6= 0.
However |ψ〉 (resp. M) cannot be orthogonal to |S〉 (resp.
J), and we have a contradiction. We have proved that U
is a UPB of size 11 in C4 ⊗ C4.
Recently it has been shown that there is no 4-qubit
UPB of size 11 [21]. In contrast, we have constructed
a UPB of size 11 in C4 ⊗ C4. This shows the difference
between the 4-qubit system and the bipartite system C4⊗
3C4, because the two-qubit entangling states are allowed
in the latter system.
From Example 1, one may wonder what tile structures
can give UPBs. By this motivation, we introduce the U-
tile structures in Definition 2. For a tile structure T in
Cm ⊗ Cn, let T = ∪kj=1tij (k ≥ 2), where tij is a tile.
If T is a sub-rectangle of T , then T is called a special
rectangle of T . In Figure 2, tiles 1, 2 form a special rect-
angle, tiles 3, 5 form a special rectangle, and tiles 3, 4, 5
form a special rectangle and so on. The tile structure in
Figure 1 has only one special rectangle, namely the tile
structure itself ∪6i=1ti. For convenience, we denote Ri
and Ci the sets of row indices and column indices of the
tile i, respectively. For example, tile 1 in Figure 2 has
row indices 0 and column indices 0, 1, that is, R1 = {0}
and C1 = {0, 1}. Now we are in a position to define the
U-tile structure.
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FIG. 2: Tile structure in C4 ⊗ C4.
Definition 2 Given a tile structure T , if any special
rectangle T of T can not be partitioned into two smaller
special rectangles or tiles of T , then we call T a U-tile
structure.
Since the order among all tiles does not matter, we
can always assume that a special rectangle T = ∪ki=1ti
for some k ≥ 2. By Definition 2, if T is a U-tile struc-
ture, then both {Ri}
k
i=1 and {Ci}
k
i=1 can not be parti-
tioned into two parts, such that any member from one
part is disjoint from all members from another part. The
tile structure in Figure 2 is not a U-tile structure, since
the special rectangle t1 ∪ t2 can be partitioned into two
tiles. It is easy to check that Figure 1 is a U-tile struc-
ture, since it has only one special rectangle ∪6i=1ti, and
{Ci}
6
i=1 = {{0, 1}, {2}, {3}, {1}, {0, 3}, {0, 2}} can not be
partitioned into two parts without intercrossing mem-
bers. The same is for rows. In the next section, we will
show that U-tile structures correspond to UPBs.
III. U-TILE STRUCTURES AND UPBS
In this section, we investigate the relations between tile
structures and UPBs. We give a necessary and sufficient
condition for a tile structure that corresponds to a UPB
in Theorem 3. Then we construct some UPBs with large
size by constructing U-tile structures in Propositions 4
and 5.
Theorem 3 A tile structure with s-tiles corresponds to
a UPB of size (mn − s + 1) in Cm ⊗ Cn if and only if
this tile structure is a U-tile structure.
Proof. First, we prove the sufficiency. Assume the U-
tile structure T = ∪si=1ti with row indices 0, 1, . . . ,m− 1
and column indices 0, 1, . . . , n − 1. For each tile ti
with rows in Ri = {r0, r1, . . . , rp−1} and columns in
Ci = {c0, c1, . . . , cq−1}, we construct a set of pq orthog-
onal product states as follows. For each 0 ≤ k ≤ p − 1
and 0 ≤ l ≤ q − 1, let
|φ
(k,l)
i 〉 =
(
p−1∑
e=0
wkep |re〉
)(
q−1∑
e=0
wleq |ce〉
)
.
Denote Bi the collection of these pq states given by tile
i. Let |S〉 = (
∑m−1
e=0 |e〉)(
∑n−1
j=0 |j〉) be the stopper state.
We claim that
U =
{
Bi \ |φ
(0,0)
i 〉
}s
i=1
∪ {|S〉}
is a UPB of size (mn− s+ 1) in Cm ⊗ Cn.
The missing states are {|φ
(0,0)
i 〉}
s
i=1, which are not
orthogonal to |S〉 but are orthogonal to all states in
U \ {|S〉}. Then any state in H⊥U must be a linear
combination of the missing states (with at least two
nonzero coefficients) and is orthogonal to |S〉. Assume
|ψ〉 =
∑s
i=1 ai|φ
(0,0)
i 〉 ∈ H
⊥
U is a product state. Let Mi
be the corresponding 0-1 matrix associated with |φ
(0,0)
i 〉,
whose nonzero entries form tile i. Then |ψ〉 corresponds
to a matrix M =
∑s
i=1 aiMi, where entries with ai form
the tile i. Since rank(M) = 1, then nonzero entries of
M must form a special rectangle of T . Without loss of
generality, let the special rectangle T = ∪ki=1ti for k ≥ 2.
Since T is a U-tile structure, then all nonzero entries of
M , that is, those entries in T are the same. This is a
contradiction, since M is assumed to be orthogonal to
the all one matrix J .
Now we prove the necessity by contradiction. If T is
not a U-tile structure, then there exists a special rectan-
gle T = ∪ki=1ti with 2 ≤ k ≤ s, and {Ri}
k
i=1 or {Ci}
k
i=1
can be divided into two disjoint sets without intercross-
ing members. Without loss of generality, we can assume
{Ci}
k
i=1 = {Ci}
k′
i=1 ∪ {Cj}
k
j=k′+1, where Ci and Cj are
disjoint. So we can assume ∪k
′
i=1Ci = {0, 1, . . . , ℓ − 1},
and ∪kj=k′+1Cj = {ℓ, ℓ+1, . . . , h− 1}. Now we construct
a state |ψ〉 =
∑k
i=1 ai|φ
(0,0)
i 〉, where ai = 1 for 1 ≤ i ≤ k
′
and aj = −
ℓ
h−ℓ
for k′ + 1 ≤ j ≤ k. That is, |ψ〉 cor-
responds to a matrix M with nonzero entries forming a
4submatrix
M ′ =


1 . . . 1 − ℓ
h−ℓ
. . . − ℓ
h−ℓ
1 . . . 1 − ℓ
h−ℓ
. . . − ℓ
h−ℓ
...
... − ℓ
h−ℓ
− ℓ
h−ℓ
1 . . . 1 − ℓ
h−ℓ
. . . − ℓ
h−ℓ

 .
Then rank(M) = 1 and M is orthogonal to J . It means
that we can find a product state |ψ〉 in H⊥U . Thus U can
be extended if T is not a U-tile structure. ⊓⊔
In Figure 2, since the tile structure is not a U-tile
structure, it does not correspond to a UPB by The-
orem 3. In fact we can find a product state |ψ〉 =
|0〉(|0〉 + |1〉) − |0〉(|2〉+ |3〉) ∈ H⊥U , and |ψ〉 corresponds
to the matrix M =


1 1 −1 −1
0 0 0 0
0 0 0 0
0 0 0 0

 .
In [18], the authors gave a construction of a U-tile
structure with (2m − 1)-tiles in Cm ⊗ Cm when m ≥ 3
is odd. They also proposed an open problem: whether
this construction can be generalized for even-dimensional
quantum systems? We give an affirmative answer to this
question in Proposition 4 by constructing U-tile struc-
tures for arbitrary bipartite quantum systems.
Proposition 4 There exists a UPB of size (mn −
4⌊m−12 ⌋) in C
m ⊗ Cn for 3 ≤ m ≤ n.
Proof. When m is even, we can construct a U-tile
structure with (2m − 3)-tiles in Figure 3. When m is
odd, we can construct a U-tile structure with (2m− 1)-
tiles in Figure 4. Thus we can construct a UPB of size
(mn−4⌊m−12 ⌋) in C
m⊗Cn for 3 ≤ m ≤ n by Theorem 3.
⊓⊔
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FIG. 3: A U-tile structure with (2m-3)-tiles in Cm ⊗Cn
when m is even.
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FIG. 4: A U-tile structure with (2m− 1)-tiles in Cm ⊗ Cn when m is odd.
Proposition 5 There is a UPB of size (mn−k) in Cm⊗
Cn for 4 ≤ k ≤ 2m−1 and 4 ≤ m ≤ n. F (m,n) = mn−4
for 3 ≤ m ≤ n, where F (m,n) is the maximum size of
UPBs in Cm ⊗ Cn.
5The proof of Proposition 5 is given in Appendix A.
In Proposition 5, we also give a construction of a U-tile
structure with (2m−1)-tiles in Cm⊗Cm when m is odd.
But this U-tile structure has only one special rectangle,
which is different from the U-tile structure in [18] that
has at least two special rectangles when m ≥ 5.
UPBs can be used to construct PPT entangled states
[1]. From Proposition 5, we can construct a UPB
{|ψi〉}
mn−k
i=1 for 4 ≤ k ≤ 2m − 1 and 4 ≤ m ≤ n, then
ρ = I−
∑mn−k
i=1 |ψi〉〈ψi| is a rank-k PPT entangled state.
The bipartite state is either separable or entangled. De-
termining whether a state is entangled is an NP-hard
problem, namely the separability problem. It has been
shown that on the bipartite Hilbert space C2 ⊗ C2 and
C2 ⊗ C3, the state ρ is separable if and only if it is a
positive-partial-transpose (PPT) state [22, 23]. For the
systems of high dimensions, there exist PPT entangled
states [24]. PPT entangled states represent the so-called
bound entangled states from which no pure entanglement
can be distilled under LOCC [24, 25]. It is also related
to the long-standing conjecture wondering whether there
exists a negative-partial-transpose bound entangled state
[26]. Therefore, our construction of PPT entangled states
shows novel understanding of these problems.
IV. APPLICATION: LOCAL
DISTINGUISHABILITY OF UPBS BY
ENTANGLEMENT RESOURCE
In this section, we provide a method of locally dis-
tinguishing UPBs constructed in Proposition 4 assisted
by entanglement, because UPBs cannot be distinguished
perfectly by LOCC alone [11]. When m = n ≥ 3 are odd,
the UPB constructed from Proposition 4 can be perfectly
distinguished by LOCC with a ⌈m2 ⌉⊗⌈
m
2 ⌉ maximally en-
tangled state [17]. We will prove that any UPB from
Proposition 4 can be perfectly distinguished by LOCC
with a ⌈m2 ⌉ ⊗ ⌈
m
2 ⌉ maximally entangled state in Theo-
rem 7.
We begin by showing the special case 4 = m ≤ n in
Lemma 6. For this purpose, we demonstrate the UPB of
size 4n−4 in C4⊗Cn constructed by the U-tile structure
in Proposition 4 as follows.
|ψi〉 =|0〉

n−2∑
j=0
w
ij
n−1|j〉

 , 1 ≤ i ≤ n− 2,
|ψi+n−2〉 =

 2∑
j=0
w
ij
3 |j〉

 |n− 1〉, 1 ≤ i ≤ 2,
|ψi+n〉 =|3〉

n−1∑
j=1
w
ij
n−1|j〉

 , 1 ≤ i ≤ n− 2,
|ψi+2n−2〉 =

 3∑
j=1
w
ij
3 |j〉

 |0〉, 1 ≤ i ≤ 2,
|ψi+2n〉 =(|1〉+ |2〉)

n−2∑
j=1
w
ij
n−2|j〉

 , 1 ≤ i ≤ n− 3,
|ψi+3n−2〉 =(|1〉 − |2〉)

n−2∑
j=1
w
ij
n−2|j〉

 , 0 ≤ i ≤ n− 3,
|S〉 =(|0〉+ |1〉+ |2〉+ |3〉)
(|0〉+ |1〉+ . . .+ |n− 1〉) . (1)
We show that the above states can be perfectly distin-
guished by LOCC assisted with entanglement.
Lemma 6 The UPB of Eqs. (1) can be perfectly distin-
guished by LOCC with a 2⊗2 maximally entangled state.
Proof. Let Alice and Bob share a 2⊗ 2 maximally en-
tangled state |ψ〉ab = |00〉+ |11〉. Let |ψ
′
i〉 = |ψi〉AB|ψ〉ab
for 1 ≤ i ≤ 4n − 5 and |S′〉 = |S〉AB|ψ〉ab. Then Al-
ice performs a two-outcome measurement on each of the
4n− 4 states |ψ′i〉 and |S
′〉, each outcome corresponding
to a rank-4 projector:
A1 = |00〉Aa〈00|+ |10〉Aa〈10|+ |20〉Aa〈20|+ |31〉Aa〈31|;
A2 = |01〉Aa〈01|+ |11〉Aa〈11|+ |21〉Aa〈21|+ |30〉Aa〈30|.
For operating with A1 on systems Aa, each of the initial
states is transformed into:
|φi〉 =|ψi〉|00〉, 1 ≤ i ≤ n and 2n+ 1 ≤ i ≤ 4n− 5,
|φi〉 =|ψi〉|11〉, n+ 1 ≤ i ≤ 2n− 2,
|φi〉 =

 2∑
j=1
w
ij
3 |j〉

 |0〉|00〉+ w3i3 |3〉|0〉|11〉, i = 2n− 1, 2n,
|S〉 → (|0〉+ |1〉+ |2〉) (|0〉+ |1〉+ . . .+ |n− 1〉) |00〉
+ |3〉 (|0〉+ |1〉+ . . .+ |n− 1〉) |11〉. (2)
We only need to consider the operatorA1, since operating
A2 on systems Aa generates new states which differ from
the states in Eqs. (2) only by ancillary systems |00〉ab →
|11〉ab and |11〉ab → |00〉ab.
Now, we show the local distinguishability of the states
in Eqs. (2). Bob makes an (n + 1)-outcome pro-
jective measurement, where the first n − 1 projectors
are Bi =
(∑n−1
j=1 w
ij
n−1|j〉
)
B
(∑n−1
j=1 w
ij
n−1〈j|
)
⊗ |1〉b〈1|,
1 ≤ i ≤ n − 1. For each Bi, 1 ≤ i ≤ n − 2, the only
remaining possibility is |φi+n〉, which has thus been suc-
cessfully identified. In the same way, Bob can identify
|S〉 by Bn−1.
Then Bob uses the nth projector Bn = |n − 1〉B〈n −
1| ⊗ |0〉b〈0|. It leaves |φi〉, i = n− 1, n, and |S〉 → (|0〉+
|1〉+ |2〉)|n− 1〉|00〉. Now Bob has the same state in his
own party and Alice has orthogonal states. Thus, Alice
can distinguish these states.
Bob’s last outcome is a projector Bn+1 = I−B1−B2−
. . .− Bn. It leaves |φi〉, 1 ≤ i ≤ n− 2 and 2n− 1 ≤ i ≤
4n − 5, and |S〉 → (|0〉 + |1〉 + |2〉)
(∑n−2
j=0 |j〉
)
|00〉 +
6|3〉|0〉|11〉. Then, Alice uses the projector An+1,1 =
|0〉A〈0| ⊗ |0〉a〈0|, leaving |φi〉, 1 ≤ i ≤ n − 2 and
|S〉 → |0〉
(∑n−2
j=0 |j〉
)
|00〉, which can be easily distin-
guished by Bob. When Alice uses the projector An+1,2 =
I − An+1,1, it leaves |φi〉, 2n − 1 ≤ i ≤ 4n − 5, and
|S〉 → (|1〉+ |2〉)
(∑n−2
j=0 |j〉
)
|00〉+ |3〉|0〉|11〉. Then, Bob
uses Bn+1,2,1 = |0〉B〈0| ⊗ (|0〉b〈0|+ |1〉b〈1|), leaving |φi〉,
i = 2n− 1, 2n, and |S〉 → (|1〉 + |2〉)|0〉|00〉+ |3〉|0〉|11〉.
Bob makes a projective measurement on system b by
projecting |0〉b + |1〉b and |0〉b − |1〉b. Then every pro-
jector can get the same state in Bob’s party and Al-
ice has orthogonal states. Thus, Alice can distinguish
these states. When Bob uses projector Bn+1,2,2 =
I − Bn+1,2,1, it leaves |φi〉, 2n + 1 ≤ i ≤ 4n − 5 and
|S′′〉 = (|1〉 + |2〉)(|1〉 + |2〉 + . . . + |n − 2〉)|00〉. Al-
ice uses projector An+1,2,2,1 = (|1〉 + |2〉)A(〈1| + 〈2|),
leaving |φi〉, 2n + 1 ≤ i ≤ 3n − 3, and |S
′′〉, which
can be easily distinguished by Bob. Then Alice uses
projector An+1,2,2,2 = I − An+1,2,2,1, which leaves |φi〉,
3n−2 ≤ i ≤ 4n−5. But Bob can easily distinguish these
states.
Thus, the states in Eqs. (1) can be perfectly distin-
guished by LOCC with a 2⊗2 maximally entangled state
through our protocol. ⊓⊔
Next, we consider the general UPBs in Proposition 4.
When 4 ≤ m ≤ n and m is even, we can construct an
UPB of size mn − 2m + 4 in Cm ⊗ Cn using the U-tile
structure in Proposition 4 as follows. For convenience,
denote ι , m2 .
|ψi〉 =|0〉

n−2∑
j=0
w
ij
n−1|j〉

 , 1 ≤ i ≤ n− 2,
|ψi+n−2〉 =

m−2∑
j=0
w
ij
m−1|j〉

 |n− 1〉, 1 ≤ i ≤ m− 2,
|ψi+m+n−4〉 =|m− 1〉

n−1∑
j=1
w
ij
n−1|j〉

 , 1 ≤ i ≤ n− 2,
|ψi+m+2n−6〉 =

m−1∑
j=1
w
ij
m−1|j〉

 |0〉, 1 ≤ i ≤ m− 2,
|ψi+2m+2n−8〉 =|1〉

n−3∑
j=1
w
ij
n−3|j〉

 , 1 ≤ i ≤ n− 4,
|ψi+2m+3n−12〉 =

m−3∑
j=1
w
ij
m−3|j〉

 |n− 2〉, 1 ≤ i ≤ m− 4,
|ψi+3m+3n−16〉 =|m− 2〉

n−2∑
j=2
w
ij
n−3|j〉

 , 1 ≤ i ≤ n− 4,
|ψi+3m+4n−20〉 =

m−2∑
j=2
w
ij
m−3|j〉

 |1〉, 1 ≤ i ≤ m− 4,
. . .
|ψmn−2n+i〉 =(|ι− 1〉+ |ι〉)

 n−ι∑
j=ι−1
w
ij
n−m+2|j〉

 ,
1 ≤ i ≤ n−m+ 1,
|ψmn−n−m+2+i〉 =(|ι− 1〉 − |ι〉)

 n−ι∑
j=ι−1
w
ij
n−m+2|j〉

 ,
0 ≤ i ≤ n−m+ 1,
|S〉 =(|0〉+ |1〉+ . . .+ |m− 1〉)
(|0〉+ |1〉+ . . .+ |n− 1〉) . (3)
We first show that the above states can be perfectly
distinguished by LOCC with an ι ⊗ ι maximally entan-
gled state in Theorem 7. Then we consider the UPBs in
Proposition 4 for m is odd in Theorem 7.
Theorem 7 The UPB constructed in Proposition 4 can
be perfectly distinguished by LOCC with a ⌈m2 ⌉ ⊗ ⌈
m
2 ⌉
maximally entangled state.
Proof. Let m ≥ 4 be even. We prove it by induction
on m. When m = 4, we have proved the statement in
Lemma 6. When k = m − 2, assume the states in Eqs.
(3) can be locally distinguished with an (ι− 1)⊗ (ι− 1)
maximally entangled state for any n ≥ m − 2. We only
need to show when k = m, Eqs. (3) can be locally distin-
guished with an ι ⊗ ι maximally entangled state for any
n ≥ m. let Alice and Bob share an ι⊗ι maximally entan-
gled state |ψ〉ab =
∑ι−1
j=0 |jj〉. Let |ψ
′
i〉 = |ψi〉AB |ψ〉ab for
1 ≤ i ≤ mn − 2m+ 3 and |S′〉 = |S〉AB|ψ〉ab. Then Al-
ice performs an ι-outcome measurement on each of these
(mn− 2m+ 4) states, each outcome corresponding to a
rank-m projector:
A1 =|00〉Aa〈00|+ |10〉Aa〈10|+ . . .+ |ι0〉Aa〈ι0|
+ |(ι+ 1)1〉Aa〈(ι + 1)1|+ . . .
+ |(m− 1)(ι− 1)〉Aa〈(m− 1)(ι− 1)|;
Ai =
ι−1∑
j=0
|j(i − 1)〉Aa〈j(i − 1)|+
ι−1∑
j=0
|(ι + j)(j + i− 1)〉Aa〈(ι+ j)(j + i− 1)|,
for 2 ≤ i ≤ ι. Here the additions in system a are modulo
ι. Operating A1 on systems Aa, each of the initial states
7is transformed into:
|φi〉 =|ψi〉|00〉, 1 ≤ i ≤ n− 2,
|φi+n−2〉 =

ι−1∑
j=0
w
ij
m−1|j〉

 |n− 1〉|00〉+
ι−2∑
j=0
w
i(ι+j)
m−1 |ι+ j〉|n− 1〉|jj〉,
1 ≤ i ≤ m− 2,
|φi+m+n−4〉 =|ψi+m+n−4〉|(ι− 1)(ι− 1)〉,
1 ≤ i ≤ n− 2,
|φi+m+2n−6〉 =

ι−1∑
j=1
w
ij
m−1|j〉

 |0〉|00〉+
ι−1∑
j=0
w
i(ι+j)
m−1 |ι+ j〉|0〉|jj〉, (4)
1 ≤ i ≤ m− 2,
. . .
|S〉 →

ι−1∑
j=0
|j〉


(
n−1∑
e=0
|e〉
)
|00〉+
ι−1∑
j=0
|ι+ j〉
(
n−1∑
e=0
|e〉
)
|jj〉. (5)
Similarly, we only need to consider the operator A1.
Now, we show the local distinguishability of the states
in Eqs. (4). Similar to Lemma 6, Bob can identify
|φi+m+n−4〉, 1 ≤ i ≤ n − 2, and |S〉, by projectors
Bi =
(∑n−1
j=1 w
ij
n−1|j〉
)
B
(∑n−1
j=1 w
ij
n−1〈j|
)
⊗|ι−1〉b〈ι−1|,
1 ≤ i ≤ n− 1.
Then Bob uses the nth projector Bn = |n − 1〉B〈n −
1| ⊗
(∑ι−2
j=0 |j〉b〈j|
)
. It leaves |φi+n−2〉, 1 ≤ i ≤ m − 2,
|S〉 →
(∑ι−1
j=0 |j〉
)
|n − 1〉|00〉 +
∑ι−2
j=0 |ι + j〉|n − 1〉|jj〉.
Then Bob makes a projective measurement on system b
by projecting
∑ι−2
i=0 w
ij
ι−1|i〉b, 0 ≤ j ≤ ι− 2, and gets the
same states in Bob’s party. Thus, Alice can distinguish
these states.
Bob’s last out come is a projector Bn+1 = I −
B1 − B2 − . . . − Bn. It leaves |φi〉, 1 ≤ i ≤
n − 2 and m + 2n − 5 ≤ i ≤ mn − 2m + 3 and
|S〉 → |S′〉 =
(∑ι−1
j=0 |j〉
)(∑n−2
e=0 |e〉
)
|00〉 +
∑ι−2
j=0 |ι +
j〉
(∑n−2
e=0 |e〉
)
|jj〉+ |m−1〉|0〉|(ι−1)(ι−1)〉. Then Alice
uses a projector An+1,1 = |0〉A〈0| ⊗ |0〉a〈0|, and leaves
|φi〉, 1 ≤ i ≤ n− 2 and |S〉 → |0〉
(∑n−2
e=0 |e〉
)
|00〉, which
can be easily distinguished by Bob. When Alice uses the
projector An+1,2 = I−An+1,1, it leaves |φi〉, m+2n−5 ≤
i ≤ mn− 2m+ 3, and |S〉 → |S′〉 − |0〉
(∑n−2
e=0 |e〉
)
|00〉.
Then, Bob uses a projector Bn+1,2,1 = |0〉B〈0| ⊗
(∑ι−1
j=0 |j〉b〈j|
)
, leaves |φi〉, m+2n−5 ≤ i ≤ 2m+2n−8,
and |S〉 →
(∑ι−1
j=1 |j〉
)
|0〉|00〉+
∑ι−1
j=0 |ι+j〉|0〉|jj〉. Then
Bob makes a projective measurement on system b by pro-
jecting
∑ι−1
i=0 w
ij
ι |i〉b, 0 ≤ j ≤ ι−1. Then every projector
can get the same state in Bob’s party. Thus, Alice can
distinguish these states. When Bob uses the projector
Bn+1,2,2 = I −Bn+1,2,1, it leaves |φi〉, 2m+2n− 7 ≤ i ≤
mn − 2m + 3 and |S〉 →
(∑ι−1
j=1 |j〉
)(∑n−2
e=1 |e〉
)
|00〉 +∑ι−2
j=0 |ι + j〉
(∑n−2
e=1 |e〉
)
|jj〉. By induction hypothesis,
these states in Cm−2 ⊗ Cn−2 are locally distinguishable.
Thus, the states in Eqs. (3) can be perfectly distin-
guished by LOCC with an ι⊗ιmaximally entangled state
through our protocol.
In Ref. [17], the authors showed that when m = n ≥ 3
are odd, the UPB constructed from Proposition 4 can be
perfectly distinguished by LOCC with a ⌈m2 ⌉⊗⌈
m
2 ⌉ max-
imally entangled states. Applying the similar argument
as above to odd m, we can show that the result is true
for any UPB in Proposition 4 when m ≤ n . ⊓⊔
Ref. [11] has shown that the Gentiles2 UPB can be
perfectly distinguished by LOCC with a ⌈m2 ⌉⊗⌈
m
2 ⌉ max-
imally entangled state. They also wonder whether other
types of UPBs can be locally distinguished by efficiently
using entanglement resource. In Proposition 4 we have
constructed a novel type of UPBs that can be perfectly
distinguished by LOCC with a ⌈m2 ⌉⊗⌈
m
2 ⌉ maximally en-
tangled state. Our UPB has different size from that of
Gentiles2 UPB. We conjecture that every UPB may be
distinguished in this way. Our results also show how to
use entanglement efficiently.
V. CONCLUSION
We showed that a tile structure gives a UPB if and
only if it is a U-tile structure, and constructed UPBs
of large size by constructing U-tile structures. We also
proved that some UPBs in Cm ⊗ Cn can be perfectly
distinguished by LOCC assisted with a ⌈m2 ⌉⊗ ⌈
m
2 ⌉ max-
imally entangled state. Our future work is to give more
constructions of U-tile structures, and find the maximum
number of tiles in a U-tile structure of size m × n. It is
also meaningful to extend the U-tile property to multi-
partite systems.
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Appendix A: Proof of Proposition 5
First, we construct a UPB of size (m2−k) in Cm⊗Cm for 4 ≤ k ≤ 2m−1 and m ≥ 4. By Theorem 3, we only need
to construct a U-tile structure with t-tiles in Cm ⊗ Cm for m ≥ 4 and 5 ≤ t ≤ 2m. When m = 4, we can construct
U-tile structures with 5, 6, 7, 8-tiles in C4 ⊗ C4 in Figure 5.
1 1 1 2
2
2
3334
4
4
5
5
5
5
1 1 6 2
2
2
3634
4
4
5
5
5
5
1 1 6 2
7
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3634
4
7
5
5
5
5
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2 2
3 3
44
5
5 6
6
7
7
8
8
FIG. 5: U-tile structures with 5, 6, 7, 8-tiles in C4 ⊗ C4.
When m = 5, we illustrate our construction in Figures 6 and 7. In particular we can construct U-tile structures with
5, 6, 7-tiles in C5 ⊗ C5 based on U-tile structures with 5, 6, 7-tiles in C4 ⊗ C4; and we can construct U-tile structures
with 8, 9, 10-tiles in C5⊗C5 based on the U-tile structure with 8-tiles in C4⊗C4. We append a row and a column on
the top and right of the U-tile structures in C4 ⊗ C4.
1 1 1 2
2
2
3334
4
4
5
5
5
5
1 1 1 2 2
2
2
2
3
1 1 6 2
2
2
3634
4
4
5
5
5
5
1 1 6 2 2
2
2
2
3
1 1 6 2
7
2
3634
4
7
5
5
5
5
1 1 6 2 2
2
7
2
3
FIG. 6: U-tile structures with 5, 6, 7-tiles in C5 ⊗ C5 based on U-tile structures with 5, 6, 7-tiles in C4 ⊗ C4.
1 1
2 2
3 3
44
5
5 6
6
7
7
8
8
1 1 7 8 8
8
8
3
4
1 1
2 2
3 3
44
5
5 6
6
7
7
8
8
1 1 7 8 9
9
9
9
4
1 1
2 2
3 3
44
5
5 6
6
7
7
8
8
10 10 10 10 9
9
9
9
4
FIG. 7: U-tile structures with 8, 9, 10-tiles in C5 ⊗ C5 based on the U-tile structure with 8-tiles in C4 ⊗ C4.
9When m ≥ 6, for each 5 ≤ t ≤ 2(m− 1), we construct a U-tile structure with t-tiles in Cm⊗Cm based on the U-tile
structure T with t-tiles in Cm−1 ⊗ Cm−1, by first appending a new row which is identical to the first row of length
m− 1 on the top, and a new column which is identical to the last column of length m on the right. See Figure 6 for
examples. For t = 2m − 1 and 2m, we can construct U-tile structures with t-tiles in Cm ⊗ Cm based on the U-tile
structure with 2(m − 1)-tiles in Cm−1 ⊗ Cm−1. See Figures 8 and 9 for even m and odd m, respectively. The new
rows and new columns are on the top and right.
i1 i2 . . . im−2 im−1
j1
...
jm−3
jm−2
5 2m-1 . . . 2m-1 2m-1 2m-1
im−1
j1
...
jm−3
4
i1 i2 . . . im−2 im−1
j1
...
jm−3
jm−2
5 2m-1 . . . 2m-1 2m-1 2m-1
2m
2m
...
2m
2m
FIG. 8: U-tile structures with (2m − 1), (2m)-tiles in Cm ⊗ Cm based on the U-tile structure with 2(m − 1)-tiles in
Cm−1 ⊗ Cm−1, where m ≥ 6 is even.
i1 i2 . . . im−2 im−1
j1
...
jm−3
jm−2
5 i2 . . . im−2 im−1 2m-1
2m-1
2m-1
...
2m-1
4
i1 i2 . . . im−2 im−1
j1
...
jm−3
jm−2
2m 2m . . . 2m 2m 2m-1
2m-1
2m-1
...
2m-1
4
FIG. 9: U-tile structures with (2m − 1), (2m)-tiles in Cm ⊗ Cm based on the U-tile structure with 2(m − 1)-tiles in
Cm−1 ⊗ Cm−1, where m ≥ 6 is odd.
So far, we have constructed a UPB of size (m2 − k) in Cm ⊗ Cm for 4 ≤ k ≤ 2m − 1 and m ≥ 4. For the system
Cm⊗Cn with m ≤ n, a U-tile structure with t-tiles can be obtained from a U-tile structure T with t-tiles in Cm⊗Cm
by appending n−m columns which are identical to the last column of T . Hence by Theorem 3, there exists a UPB
of size (mn− k) in Cm ⊗ Cn for 4 ≤ k ≤ 2m− 1 and 4 ≤ m ≤ n.
By [27, 28], there is no UPB of size mn− 1, mn− 2, mn− 3 in Cm ⊗Cn for m,n ≥ 3. To show that the maximum
number of states in a UPB in Cm⊗Cm, F (m,n) = mn− 4 for 3 ≤ m ≤ n, we only need a U-tile structure with 5-tiles
in Cm ⊗ Cn for 3 ≤ m ≤ n by Theorem 3. See Figure 10 for a construction.
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1 1 . . . 1 2
2
...
2
33. . .34
4
...
4
5
...
5
. . .
5
. . .
5
...
5
0
1
...
m− 2
m− 1
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FIG. 10: A U-tile structure with 5-tiles in Cm ⊗ Cn
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